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Today’s Obijectives

e Determine the normal and tangential
components of velocity and acceleration
of a particle traveling along a curved path.

e Determine velocity and acceleration
components using cylindrical coordinates.
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Outline
(Pre-Job Brief)

e Normal and Tangential Components

> Velocity and Acceleration

e Cylindrical Components

> Velocity and Acceleration
e Examples and Questions
e Summary and Feedback
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Cars traveling along a clover-leaf
interchange experience an
acceleration due to a change in
velocity as well as due to a change
in direction of the velocity.

If the car’s speed is increasing at a
known rate as it travels along a
curve, how can we determine the
magnitude and direction of its total
acceleration!?

Why would you care about the total acceleration of the car?
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Applications (continued)

As the boy swings upward with a
... velocity v, his motion can be
analyzed using n—t coordinates.

1 As he rises, the magnitude of his
e R velocity is changing, and
~  acceleration as well.

How can we determine his velocity and acceleration at the
bottom of the arc?

Can we use different coordinates, such as x-y coordinates,
to describe his motion? Which coordinate system would
be easier to use to describe his motion? Why ?



Applications (continued)
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o1 A roller coaster travels down a
7 100 . .
\J hill for which the path can be
Py approximated by a function

/ /< Y=,
/

\a The roller coaster starts from

B rest and increases its speed at a

/

* constant rate.
XIXIA

'--—- 30m-—-

How can we determine its velocity
and acceleration at the bottom?

Why would we want to know
these values!?
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Normal and Tangential Components

Q When a particle moves along a curved path, it is sometimes
convenient to describe its motion using coordinates other than
Cartesian. When the path of motion is known, normal (n) and
tangential (t) coordinates are often used.

In the n-t coordinate system, the
origin is located on the particle
(the origin moves with the
particle).

Position

The t-axis is tangent to the path (curve) at the instant considered,
positive in the direction of the particle’s motion.

The n-axis is perpendicular to the t-axis with the positive direction
toward the center of curvature of the curve.
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Normal and Tangential Components

.J rJ
S

K

The positive n and t directions are
defined by the unit vectors u, and u,,
respectively.

The center of curvature, O’, always
lies on the concave side of the curve.
The radius of curvature, p, is defined
as the perpendicular distance from
the curve to the center of curvature
at that point.

Radius of curvature The position of the particle at any
instant is defined by the distance, s, along the curve from a
fixed reference point.
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Velocity in the n-t Coordinate

' o The velocity vector is always
tangent to the path of
P/ |p motion (t-direction).
.
Velocity

The magnitude is determined by taking the time derivative of
the path function, s(t).
v=vu, where v=s5=ds/dt

Here v defines the magnitude of the velocity (speed) and
u, defines the direction of the velocity vector.
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Acceleration in the n-t Coordlnate

, ) 5

Acceleration is the time rate of change of velocity:
a = dv/dt = d(vu,)/dt = vu, + vu,

Here v represents the change in
the magnitude of velocity and i,
represents the rate of change in
the direction of u..

After mathematical manipulation,
the acceleration vector can be
expressed as:

- 2 _
a=vu_* (vi/p)u,=a.u t+a u.

du,
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Acceleration in the n-t Coordinate yste

K

¢ So, there are two components to the

/ acceleration vector:

\\\ ) / | a=au ta u,
e, A 4
!J

Acceleration
* The tangential component is tangent to the curve and in the
direction of increasing or decreasing velocity.
a,=v or ads=vdv
* The normal or centripetal component is always directed
toward the center of curvature of the curve. a_ = v%/p

* The magnitude of the acceleration vector is
a = [(a)? + ()]




PR UNIVERSITY
of HAWAI'l"
MANOA

Special Cases of Motion

' There are some special cases of motion to consider.

|) The particle moves along a straight line.
p—™ o => a=vp=0 => a=a=v
The tangential component represents the time rate of
change in the magnitude of the velocity.

2) The particle moves along a curve at constant speed
a,=v=0 => a=a =vip
The normal component represents the time rate of change
in the direction of the velocity.

Change in
direction of
velocity ~

Incre an
speed {f

I
Change in
magnitude of
velocity
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Special Cases of Motion (continue

o
' 3) The tangential component of acceleration is constant,
a, = (a,).. In this case,
s=s_+v_ t+ (1/2) (a),t?
VIV, + ().t
V2= (V)2 + 2 (a), (s —,)
As before, s_ and v_ are the initial position and velocity of
the particle at t = 0.

4) The particle moves along a path expressed as y = f(x).
The radius of curvature, p, at any point on the path can be

lculated
meEe [1+ (dyldx)? ]2
‘ d2y/dx? ‘
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If a particle moves along a space
curve, the n and t axes are defined as
before. At any point, the t-axis is
tangent to the path and the n-axis
points toward the center of
curvature. The plane containing the
n and t axes is called the osculating

plane.
third axis can be defined, called the binomial axis, b. The

inomial unit vector, u,, is directed perpendicular to the osculating
lane, and its sense is defined by the cross product u, =u, X u,.

There is no motion, thus no velocity or acceleration, in the
binomial direction.
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A cylindrical coordinate
system Is used in cases
where the particle moves
along a 3-D curve.

In the figure shown, the box
slides down the helical ramp.
How would you find the
box’s velocity components to
check to see if the package
will fly off the ramp?
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Appllcatlons (continued)

pon ""IIIII The cylindrical coordinate

system can be used to describe
the motion of the girl on the
slide.

Here the radial coordinate is
constant, the transverse
coordinate Increases

with time as the girl rotates
about the vertical axis, and her
altitude, z, decreases with time.

How can you find her acceleration components ?
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Cylindrical Components

t

\

Uy

/f'

u,

Position

We can express the location of P in polar coordinatesas r =r u..
Note that the radial direction, r, extends outward from the fixed
origin, O, and the transverse coordinate, &, is measured counter-
clockwise (CCW) from the horizontal.
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Velocity in Polar Coordinates

% The instantaneous velocity is defined as:
] v=dr/dt = d(ru,)/dt
)'/ . du,
R VE U T
Using the chain rule:
du /dt = (du /d6)(d &/dt)
"\ ".m aw We can prove that du /dO = u, so du /dt = éua
T, Therefore: v =fu, +réu,

Thus, the velocity vector has two components: T,

" called the radial component, and r&called the

. transverse component. The speed of the particle at
any given instant is the sum of the squares of both
components or

v=\J(r 0)2+(1)?
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Acceleration (Polar Coordinat

\
D o
Ly
-

f

The instantaneous acceleration is defined as:

a = dv/dt = (d/dt)(ru, + réu,)

After manipulation, the acceleration can be
expressed as

a=(F-rédu, + (ré+2rdu,

- The term (¥ — r6?) is the radial acceleration
a, Ora,.

The term (r@+ 2r6) is the transverse
Acceleration acceleration or a,.

The magnitude of acceleration is a :\/('r'— r62)2 + (rf + 2r6) 2
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If the particle P moves along a space
curve, its position can be written as

L =ru, + zu,

Taking time derivatives and using
the chain rule:

Velocity: Vp = tu, + rBu, + ZU,

Acceleration: a, = (f — r6?)u, + (r + 2i)u, + Zu,
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! Examples & Questions
Y
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